For irreducible characters {χ λ 1 2 = 1 is isomorphic to CS n . In addition to the natural bases of CS n and H n (q), we have the (signless) Kazhdan-Lusztig bases [KL79] {C w (1) | w ∈ S n }, {C w (q) | w ∈ S n }, defined in terms of certain Kazhdan-Lusztig
q | λ n} and induced sign characters { λ q | λ n} of the Hecke algebra Hn(q), and Kazhdan-Lusztig basis elements C w (q) with w avoiding the pattern 312, we combinatorially interpret the polynomials χ λ q (q (w) 2 C w (q)) and λ q (q (w) 2 C w (q)). This gives a new algebraic interpretation of q-chromatic symmetric functions of Shareshian and Wachs. We conjecture similar interpretations and generating functions corresponding to other Hn(q)-traces. The symmetric group algebra CS n and the (Iwahori-) Hecke algebra H n (q) have similar presentations as algebras over C and C[q 1 2 , q¯1 2 ] respectively, with multiplicative identity elements e and T e , generators s 1 , . . . , s n−1 and T s1 , . . . , T sn−1 , and relations s 2 i = e T 2 si = (q − 1)T si + qT e for i = 1, . . . , n − 1, s i s j s i = s j s i s j T si T sj T si = T sj T si T sj for |i − j| = 1, s i s j = s j s i T si T sj = T sj T si for |i − j| ≥ 2.
Analogous to the natural basis {w | w ∈ S n } of CS n is the natural basis {T w | w ∈ S n } of H n (q), where we define T w = T si 1 · · · T si whenever s i1 · · · s i is a reduced expression for w in S n . We call the length of w and write = (w). (See [Hum90] .) The specialization of H n (q) at q
where ≤ denotes the Bruhat order and we define q v,w = q (w)− (v) 2
. (See, e.g., [BB96] .) Representations of CS n and H n (q) are often studied in terms of characters. The C-span of the S ncharacters is called the space of S n -class functions, and has dimension is equal to the number of integer partitions of n. (See [Sag01] .) Three well-studied bases are the irreducible characters {χ λ | λ n}, induced sign characters { λ | λ n}, and induced trivial characters {η λ | λ n}, where λ n denotes that λ is a partition of n. 
These functions are not characters. (See [BRW96] , [Hai93] , [Ste92] .) In each space, the five bases are related to one another by the same transition matrices which relate the Schur, elementary, complete homogeneous, monomial, and power sum bases of the homogeneous degree n symmetric functions. (See, e.g., [Sta99] .) It is known that irreducible S n -characters {χ λ | λ n} satisfy χ λ (w) ∈ Z for all w ∈ S n . Thus for any integer linear combination θ of these and any element z ∈ ZS n , we have θ(z) ∈ Z as well. In some cases, we may associate sets R, S to the pair (θ, z) to combinatorially interpret the integer θ(z) as (−1) |S| |R|. We summarize known results and open problems in the following table. For known combinatorial interpretations of θ(w), see [BRW96] . The number χ λ (w) may be computed by the well-known algorithm of Murnaghan and Nakayama. (See, e.g., [Sta99] .) Otherwise, χ λ (w) has no conjectured expression of the type stated above. Interpretations of θ(C w (1)) are not known for general w ∈ S n , but nonnegativity follows from work of Haiman [Hai93] and Stembridge [Ste91] . Interpretations of η λ (C w (1)), λ (C w (1)), χ λ (C w (1)) for w avoiding the pattern 312 follow via straightforward arguments from results of various authors, notably Gasharov [Ste91] . These will be discussed in Section 3. There is no conjectured combinatorial interpretation of φ λ (C w (1)), even for w avoiding the pattern 312 although interpretations have been given for particular partitions λ by Stembridge [Ste92] and several of the authors [CSS11] .
It is known that irreducible H n (q)-characters {χ λ q | λ n} satisfy χ λ q (T w ) ∈ Z[q] for all w ∈ S n . Thus for any integer linear combination θ q of these and any element z ∈ span Z[q] {T w | w ∈ S n }, we have θ q (z) ∈ Z[q] as well. In some cases, we may associate sequences (S k ) k≥0 , (R k ) ≥0 of sets to the pair (θ q , z) to combinatorially interpret θ q (z) as k (−1) |S k | |R k |q k . We summarize known results and open problems in the following table. The polynomial χ λ q (T w ), and therefore all polynomials θ q (T w ), may be computed via a q-extension of the Murnaghan-Nakayama algorithm. (See, e.g., [KV84] , [KW92] , [Ram91] .) Otherwise, θ λ q (w) has no conjectured expression of the type stated above. Interpretations of θ q (q e,w C w (q)) are not known for general w ∈ S n , but results concerning containment in N[q] follow principally from work of Haiman [Hai93] . For w avoiding the pattern 312, a formula for λ q (q e,w C w (q)) is given by the authors in Section 4. Work of Gasharov [Gas96] and Shareshian-Wachs [SW12] then implies a formula for χ λ q (q e,w C w (q)). Conjectures for ψ λ q (q e,w C w (q)) are due to the authors and Shareshian-Wachs. These results and conjectures will also be discussed in Section 4. There is no conjectured combinatorial interpretation of φ λ q (q e,w C w (q)), even for w avoiding the pattern 312.
Another way to understand the evaluations θ(w) is to define a generating function Imm θ (x) in the polynomial ring C[x 1,1 , . . . , x n,n ] for {θ(w) | w ∈ S n }. Similarly, we may define a generating function Imm θq (x) in a certain noncommutative ring A(n; q) for {θ(T w ) | w ∈ S n }. In some cases these generating functions have simple forms. We summarize known results in the following tables. for Imm χ λ (x) as a coefficient of a generating function in two sets of variables was given by Goulden-Jackson [GJ92] . There is no conjectured nice formula for Imm φ λ (x), although a nice formula for particular partitions λ was stated by Stembridge [Ste92] . These results will be discussed in Section 2. Nice expressions for Imm η λ q (x) and Imm λ q (x) are due to the fourth author and Konvalinka [KS11] , as is an expression for Imm χ λ q (x) as a coefficient in a generating function in two sets of variables. A nice expression for Imm ψ λ q (x) is conjectured by the authors. These results and conjecture will be discussed in Section 2.
In Section 2 we discuss known descriptions of the class functions in terms of generating functions in the ring C[x 1,1 , . . . , x n,n ] and in a certain quantum analog A(n; q) of C[x 1,1 , . . . , x n,n ] known as the quantum matrix bialgebra. We also give a combinatorial interpretation of the entries of the transition matrices relating certain bases of A(n; q). In Section 3 we give combinatorial interpretations, using results in the previous section. In Section 4 we give new descriptions of the class functions in terms of generating functions in the rings C⊗Λ and C[q 2 Generating functions for θ(w) and θ q (T w ) when θ is fixed For a fixed S n -class function θ, we create a generating function for
. , x n,n ], and defining
We call this polynomial the θ-immanant. The sign character (w → (−1) (w) ) immanant and trivial character (w → 1) immanant are the determinant and permanent. Nice formulas for the λ -immanants and η λ -immanants employ determinants and permanents of submatrices of x,
In particular, for λ = (λ 1 , . . . , λ r ) n we have Littlewood-Merris-Watkins identities [Lit40] , [MW85] Imm λ (x) = (I1,...,Ir)
where the sums are over all sequences of pairwise disjoint subsets of [n] satisfying |I j | = λ j . A formula for the ψ λ -immanant relies upon a sum over all permutations of cycle type λ,
where z λ is the product 1 α1 2 α2 · · · n αn α 1 ! · · · α n !, and λ has α i parts equal to i for i = 1, . . . , n. No such nice formulas are known for the χ λ -immanants or φ λ -immanants in general, although we do have a formula [Ste92, Thm. 2.8] for Imm φ λ (x) when λ 1 = · · · = λ r = k,
where the sum is over all sequences of pairwise disjoint subsets of [n] = [kr] satisfying |I j | = r.
For a fixed H n (q)-trace θ q , we create a generating function for {θ q (T w ) | w ∈ S n } as before, but interpreting polynomials in x = (x i,j ) as elements of the quantum matrix bialgebra A(n; q), the noncommutative C[q 1 2 , q¯1 2 ]-algebra generated by n 2 variables x = (x 1,1 , . . . , x n,n ), subject to the relations
for all indices 1 ≤ i < j ≤ n and 1 ≤ k < ≤ n. As a C[q 1 2 , q¯1 2 ]-module, A(n; q) has a basis of monomials x 1,m1 · · · x r ,mr in which index pairs appear in lexicographic order. The relations (4) allow one to express other monomials in terms of this natural basis.
As a generating function for {θ q (T w ) | w ∈ S n }, we define
in A(n; q), and call this the θ q -immanant. The H n (q) sign character (T w → (−1) (w) ) immanant and trivial character (T w → q (w) ) immanant are called the quantum determinant and quantum permanent,
Specializing A(n; q), det q (x), and per q (x) at q per q (x I1,I1 ) · · · per q (x Ir,Ir ),
where the sums are as in (3).
To state a nice form for the ψ λ q -immanant, we introduce the following definitions. Given a sequence c = (i 1 , . . . , i k ) of distinct elements of [n] with i 1 = min{i 1 , . . . , i k }, define the element d (i1,...,i k ) (x) of A(n; q) to be the sum of all cyclic rearrangements of the monomial x i1,i2 x i2,i3 · · · x i k ,i1 , each weighted by q j−(k+1)/2 , where x i1,i2 appears in position j,
For w ∈ S n having cycle type λ = (λ 1 , . . . , λ r ), define the polynomial g w (x) to be the sum, over all 
For example, when n = 5 and λ = (3, 2), we represent each permutation having cycle type (3, 2) as a product of a 3-cycle with least letter written first and a 2-cycle with least letter written first, (1, 2, 3)(4, 5), (1, 4, 2)(3, 5), . . . , (3, 5, 4)(1, 2), and we have Imm ψ 32 q (x) = (q −1 x 1,2 x 2,3 x 3,1 + x 3,1 x 1,2 x 2,3 + qx 2,3 x 3,1 x 1,2 )(q¯1 2 x 4,5 x 5,4 + q No such nice formulas are known for the χ λ q -or φ λ q -immanants. To obtain values of λ q (T w ) and η λ q (T w ) from (5), one must use the relations (4) to expand in the natural basis of (the zero-weight space span{x 1,w1 · · · x n,wn | w ∈ S n } of) A(n; q). For this purpose, it is helpful to combinatorially interpret the coefficients arising as entries in the transition matrix relating the bases B u = {x u1,v1 · · · x un,vn | v ∈ S n } and the natural basis {x 1,w1 · · · x n,wn | w ∈ S n }. These were obtained by Lambright and the fourth author in [LS10] . To combinatorially interpret the evaluations { λ q (q e,w C w (q)) | λ n} when w avoids the pattern 312, we prove a stronger result. Theorem 2.2 Fix u, w ∈ S n with u ≤ w, and let s i1 · · · s i be the right-to-left lexicographically greatest reduced expression for u. Choose an index k ≤ + 1 and define u = s i k−1 · · · s i1 u, w = s i k−1 · · · s i1 w. Then we have
. Moreover, the coefficient of q b in t u,w ,v (q) is equal to the number of sequences (π (0) , . . . , π (k−1) ) of permutations satisfying 1. π 0 = w, π (k−1) = v, 2. π (j) ∈ {s ij π (j−1) , π (j−1) } for j = 1, . . . , k − 1,
3. π (j) = s ij π (j−1) if s ij π (j−1) > π (j−1) , 4. π (j) = π (j−1) for exactly b values of j.
Proof: Omitted. 2
We may think of each sequence (π (0) , . . . , π (k−1) ) in the above proof as a (k − 1)-step walk from w to v in the weak order on S n . After visiting π (j) ∈ S n , we may either revisit this permutation or move to s ij π (j) , with the latter option being mandatory if s ij is a left ascent for π (j) .
Descending star networks and interpretations of class functions
Call a directed planar graph G a planar network of order n if it is acyclic and may be embedded in a disc so that 2n boundary vertices labeled clockwise as source 1, . . . , source n (with indegrees of 0) and sink n, . . . , sink 1 (with outdegrees of 0). In figures, we will draw sources on the left and sinks on the right, implicitly labeled 1, . . . , n from bottom to top. Given a planar network G, define the path matrix
It is known that the path matrix of any planar network is totally nonnegative (TNN), i.e., that every minor of this matrix is nonnegative. This fact is known as Lindström's Lemma. Call a sequence π = (π 1 , . . . , π n ) of source-to-sink paths in a planar network a bijective path family if for some w ∈ S n with one-line notation w 1 · · · w n , each component path π i begins at source i and terminates at sink w i . We will say also that π has type w. Call a planar network a bijective skeleton if it is a union of n source-to-sink paths. Clearly a bijective path family can cover an entire planar network G only if G is a bijective skeleton. For [a, b] a subinterval of [n], let G [a,b] be the bijective skeleton consisting of a − 1 horizontal edges, a "star" of b − a + 1 edges from sources a, . . . , b to an intermediate vertex, and b − a + 1 more edges from this vertex to sinks a, . . . , b, and n − b more horizontal edges. For n = 4, there are seven such networks: G [1, 4] , G [2, 4] , G [1, 3] , G [3, 4] , G [2,3] , G [1, 2] , G [1, 1] = · · · = G [4, 4] , respectively, 
by inserting G [ci,di]∩[ci+1,di+1] between G [ci,di] and G [ci+1,di+1] for i = 1, . . . , r −1. Now visually follow paths from sources to sinks, passing "straight" through each intersection, to complete a bijection to 312avoiding permutations in S n . For example, when n = 4 and F corresponds to G = G [2, 4] • G [1, 3] , we construct G = G [2, 4] • G [2,3] • G [1, 3] and obtain the 312-avoiding permutation w = w(F ) = 3421:
For each 312-avoiding permutation w ∈ S n , let F w denote the descending star network corresponding to w by the bijection in the proof of Proposition 3.1. Every descending star network F w is a bijective skeleton, and for every v ≤ w in the Bruhat order, there is exactly one bijective path family π of type v which covers F w . In a planar network G of order n, the source-to-sink paths have a natural partial order Q = Q(G). If π i is a path originating at source i, and ρ j is a path originating at source j, then we define π i < Q ρ j if i < j and π i and ρ j never intersect. Observe that these conditions imply the index of the sink of π i to be less than the index of the sink of ρ j . Let P (G) be the subposet of Q(G) induced by paths whose source and sink indices are equal. For each descending star network F w , the poset P (F w ) has exactly n elements: there is exactly one path from source i to sink i, for i = 1, . . . , n.
To combinatorially interpret evaluations of S n -class functions and H n (q)-traces, we will fill (French) Young diagrams with path families (π 1 , . . . , π n ) covering a descending star network F w , and will call the resulting structures F -tableaux. If an F w -tableau U contains a path family π of type v, then we also say that U has type v. We say that an F w -tableau U has shape λ for some partition λ = (λ 1 , . . . , λ r ) if it has λ i cells in row i for all i. If U has λ i cells in column i for all i, we say that U has shape λ . In this case we define λ to be the partition whose ith part is equal to the number of cells in row i of U . Let L(U ) and R(U ) be the Young tableaux of integers obtained from U by replacing paths π 1 , . . . , π n with their corresponding source and sink indices, respectively.
We define several properties of an F -tableau in terms of the poset Q and the tableaux L(U ) and R(U ).
1. Call U column-strict if whenever paths π i1 , . . . , π ir appear from bottom to top in a column, then we have π i1 < Q · · · < Q π ir .
2. Call U row-semistrict if whenever paths π i1 , π i2 appear consecutively (from left to right) in a row, we have π i1 < Q π i2 or π i1 is incomparable to π i2 in Q.
3. Call U cyclically row-semistrict if it is row-semistrict and the condition above applies also to paths π i1 , π i2 appearing last and first (respectively) in the same row.
4. Call U standard if it is column-strict and row-semistrict. For some S n -class functions θ, and all 312-avoiding permutations w, we may combinatorially interpret θ(C w (1)) in terms of a star network F w as follows.
Call
Proposition 3.2 Let w avoid the pattern 312, and let F w be the corresponding descending star network.
Statistics on F -tableaux and interpretations of H n (q)-traces
For θ an S n -class function and w avoiding 312, Proposition 3.2 interprets θ(C w (1)) as the cardinality of a set of certain F w -tableaux. For each of these sets of F w -tableaux, we define a statistic mapping tableaux to nonnegative integers, and show (or conjecture) that θ q (q e,w C w (q)) is a generating function for tableaux on which the statistic takes the values k = 0, 1, . . . . In each case, our statistic is based upon the number of inversions of a permutation in S n . Specifically, let F be a descending star network, and let U be an F -tableau containing path family π = (π 1 , . . . , π n ) of type w. (Thus π i begins at source vertex i and terminates at sink vertex w i for i = 1, . . . , n.) Let (π i , π j ) be a pair of intersecting paths in F such that π i appears in a column of U to the left of the column containing π j . Call (π i , π j ) a left inversion in U if we have i > j and a right inversion in U if we have w i > w j . Let INV(U ) denote the number of left inversions in U , and let RINV(U ) denote the number of right inversions in U .
Proofs of the validity of the tableaux interpretations in Proposition 3.2 depend upon a relationship between immanants and path matrices. To state a q-analog of this relationship, we define a map for each n × n complex matrix B by 
where the sum is over all column-strict F w -tableaux U of type e and shape λ . We also have
where the sum is over all standard F w -tableaux U of type e and shape λ.
Proof: Omitted. The proof of (10) depends upon a result of Shareshian and Wachs [SW12] . 2
Let U be an F -tableau of shape λ = (λ 1 , . . . , λ r ) containing a path family π, and let U i be the ith row of U . Let U 1 • · · · • U r and U r • · · · • U 1 be the F -tableaux of shape n consisting of the rows of U concatenated in increasing and decreasing order, respectively. 
where the sum is over all row-closed F w -tableaux U of shape λ. We also have
where the sum is over all cylindrical F w -tableaux U of shape λ.
Haiman [Hai93] has shown that we have χ λ q (q e,w C w (q)) ∈ N[q] for all λ n and all w ∈ S n . He has also conjectured that we have φ λ q (q e,w C w (q)) ∈ N[q] for all λ n and all w ∈ S n . There is no general conjectured combinatorial interpretation for φ λ q (q e,w C w (q)), even in the case that w avoids 312.
5 Generating functions for θ(C w (1)), θ q (q e,w C w (q)) when w is fixed
For each w ∈ S n , we define a symmetric generating function for values of θ(C w (1)) by
Expanding X w in various bases of the space of homogeneous degree-n symmetric functions, including the forgotten basis {f λ | λ n}, we have
where (λ) is the number of (nonzero) parts of λ.
The function X w is related to the chromatic symmetric functions {X P | P a poset } of Stanley and Stembridge [Sta95] , [SS93] : if w avoids the pattern 312, then X w is equal to the Stanley-Stembridge chromatic symmetric function X P (Fw) . On the other hand, not all chromatic symmetric functions X P can be expressed as X w for appropriate w ∈ S n , nor can all generating functions X w be expressed as X P for an appropriate poset P . Stanley and Stembridge [Sta95] , [SS93] have conjectured that X P is elementary nonnegative when P has no induced subposet isomorphic to the disjoint union (3 + 1) of a three element chain and a single element. Call such a poset (3 + 1)-free. A special case of this conjecture is that X w is elementary nonnegative for w avoiding 312. Haiman [Hai93] conjectured that X w is elementary nonnegative for all w ∈ S n .
For each w ∈ S n , we define a Z[q]-symmetric generating function for values of θ q (q e,w C w (q)) by
Expanding X Tw in various bases of the homogeneous degree-n graded component of Z[q] ⊗ Λ n , we have X Tw = λ n η λ q (q e,w C w (q))f λ = λ n χ λ q (q e,w C w (q))s λ = λ n ψ λ q (q e,w C w (q)) (−1) n− (λ) p λ z λ = λ n φ λ q (q e,w C w (q))e λ .
The function X Tw specializes at q = 1 to X w , and is related to the chromatic quasisymmetric functions {X P,q | P a labeled poset } of Shareshian and Wachs [SW12] , which specialize at q = 1 to X P . The function X P,q is itself symmetric (i.e., it belongs to Z[q] ⊗ Λ n ) when P is (3 + 1)-free, (2 + 2)-free, and labeled strategically. If w avoids the pattern 312, then by Theorem 4.2, X Tw is equal to the Shareshian-Wachs chromatic symmetric function X P (Fw),q , with each element of P (F w ) labeled according to the source and sink of the path in F w it represents. Again, not all chromatic symmetric functions X P,q can be expressed as X Tw for appropriate w ∈ S n , nor can all generating functions X Tw be expressed as X P,q for an appropriate labeled poset P . Shareshian and Wachs [SW12] conjectured that X P,q belongs to span N[q] {e λ | λ n} when P is (3 + 1)-free, (2 + 2)-free, and labeled appropriately. By Theorem 4.2, this is equivalent to the conjecture that X Tw belongs to span N[q] {e λ | λ n} for w avoiding 312.
Haiman [Hai93] conjectured that X Tw belongs to span N[q] {e λ | λ n} for all w ∈ S n .
